IB DP MATHS AA
READ

Integration and kinematics

Antiderivatives and the constant of integration, definite integrals and areas, area
between curves, integrating €*, 1/x, sin and cos, reverse chain rule, kinematics with
displacement and distance, and for HL: substitution, integration by parts, arctan and
arcsin integrals, and volumes of revolution.

TOPIC 5 CALCULUS

Indefinite integrals Boundary conditions Definite integrals

Area under a curve Area between curves e*, 1/x, sin, cos Reverse chain rule

by Riyaz Sir
mentorriyaz.in

Kinematics

No tag = SL and HL HL ONLY HL students only FORMULA BOOKLET given in the exam

how marks are awarded  highlight = comes up again and again  Test yourself at the end

IN 30 SECONDS THE END YOU CAN

X0+ Find indefinite integrals and use a boundary
n+1

-1). Never forget + C on an indefinite integral.

« Integration undoes differentiation. [x" dx = +C(n=

condition to find C.

Evaluate definite integrals and find areas
« Definite integral [,° f(x) dx = F(b) - F(a) is the signed area: under a curve and between curves.

regions below the x-axis count as negative. Integrate €%, 1/x, sin x, cos x and composites

Area between curves = [(top - bottom) dx between the
intersection points.

Kinematics: v = ds/dt and a = dv/dt, so s = [vdtand v = [a dt.

Displacement = [v dt; distance = [Iv| dt.

- . . 1 1
HL: substitution, integration by parts, [5—— and [—5——-,
9 yp Iaz+x2 I‘/(az_xz)

and volumes of revolution V = Tfy? dx.
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of the form f(ax + b), and use the reverse

chain rule.

Use calculus for displacement, velocity,

acceleration and total distance.

Integrate by substitution and by parts,

including repeated parts. HL

Use the standard arctan and arcsin integrals.
HL

Find volumes of revolution about the x-axis

and y-axis. HL
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° Indefinite integrals

’
n X +1
fx"dx = +C,n#Z—-1 FORMULA BOOKLET
n+1
add 1to the power, divide by the new power
WORKED EXAMPLE
Find [(6x2 - 4x + 3) dx.
1.=2x3-2x2+3x+C (DD
WORKED EXAMPLE
f'(x) = 3x% - 2 and f(1) = 4. Find f(x).
1.fx)=x3-2x+C (B
2.1-2+C=4>C=5(D
3.f(x)=x3-2x+5 (D
1 2
o Rewrite first: x1_3 = x73, vx = X", and split fractions: X Tox+ % You can't integrate a product or quotient term by term.
COMMON MISTAKE
Integrating (x + 1)(x - 2) as "(x2/2 + x)(x2/2 - 2x)". Expand the brackets first: X2 - x - 2.
\
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e Standardintegrals

"
f(x) J £(x) dx
e e*+C
1 IniIxl +C
X
sin X -cosx +C
COS X sinx + C
f(ax + b) % Flax + b) + C

o All of these are in the formula booklet. The last row is the "divide by a" rule: [e3* dx = ¥5e3* + C, [cos 2x dx = Yz sin 2x + C, [
dx =%1In12x + 11 + C.

1
2X + 1

« Reverse chain rule: if you can see a function and (a multiple of) its derivative, guess the answer and differentiate to check.

WORKED EXAMPLE

Find [x(x2 + 14 dx.

1. the derivative of X2 + 1is 2x, so try (x% + 1)°

2. d/dx (x% + 1)° = 10x(x? + 1)4, so divide by 10

3. (X + 1) +C

10
EXAM TIP
f'(x) _ _ 2
| 00 dx = In If(x) = In(x“ + 5) + C.
\
e Definite integrals and area
AY
10 y=x*+1 [:2 (x® + 1) dx
: = [x3/3 + x];3
8 ! =32/3
6 ;
4 |
area = 32/3 E
2 ,
] 1 >
0 1 2 3 X

The definite integral from 1to 3 is the area under the curve between those x-values.
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[, £(x) dx = F(b) - F(a)

no + C needed

WORKED EXAMPLE

Find the area under y = x2 + 1between x = 1and x = 3.

1. 1x%/3 + x1;° (&

2.=(9+3)-(%+1)
32
3.==—= ¥
3
\
Ay
+2
>
T 21 X
-2
J sin x dx from O to 2m = 2 + (-2) = O, but the total area is 4.
Split at the roots and add the absolute values.
An integral adds signed areas. To find a total area, split at the roots.
.
COMMON MISTAKE
Integrating straight across a root when asked for the area. Find where the curve crosses the axis,
integrate each part separately, and add the absolute values.
\
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Y3 X+2
4 (2, 4) [ (top - bottom) dx
y = X3 between the
intersections
( 4.5
_1’
>
1 1 2 X

Shade the region, decide which curve is on top, then integrate the difference.

(
WORKED EXAMPLE
Find the area enclosed by y = x2 and y=X+2.
1.x2=x+2=x=-1or2
2,042 (x + 2 - x?) dx = [x?/2 + 2x - x3/3]_1* (@
3.= %-(-%):4.5
GDC (CALCULATOR) METHOD
Paper 2: use the GDC's [ function (fnint) for definite integrals. For an area, integrate If(x)| directly; it does
the splitting for you.
\

° Kinematics

(
_ds __ dv _ d%
V= —,a=— = —
dt dt dt?
differentiate going down
displacement = jt_{l}tZ v dt, distance = ft_{l}t2 Ivl dt FORMULA BOOKLET
integrate going up
\
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' Am/s)

4/3 a/3

>
1 —4/3 2 3 4 t(s)
-1

v = t2 - 4t + 3: displacement = [v dt = 4/3 m, distance = [|v| dt = 4 m

Below the axis the particle is moving backwards.

Area above the axis is forward motion, below is backward. Displacement adds them with signs; distance adds their sizes.

WORKED EXAMPLE

A particle has velocity v = t2 - 4t + 3 m s~ 1for O = t = 4. Find its displacement and the total distance
travelled.

1. displacement = [o% v dt = % m

2.v=0att=1andt = 3, so split there &
: 4 4 4

. = — —_ — = Al

3.distance = o + = + < am @

e Speed is Ivl. The particle changes direction where v changes sign, not just where v = 0 (a double root of v doesn't count).

o Speeding up or slowing down? Speeding up when v and a have the same sign; slowing down when they have opposite

signs.
\
e Integration by substitution
(

¢ Method: choose u (usually the inside of a bracket or root), find du/dx, replace every x and dx, integrate in u, then substitute
back. For a definite integral, change the limits to u-values instead.

WORKED EXAMPLE
Find [xv(x + 1) dx.
l.letu=x+1sox=u-1anddx = du ({3
2. f(u - Nu”2 du = [(u3/2 - u") du

3.2 Zix+ 192 - Z(xs)¥24c
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° Integration by parts

dv _ du
fu =—dx=uv - [v—— dx FORMULA BOOKLET
dx dx

choose u to be the part that gets simpler when differentiated

WORKED EXAMPLE

Find [xe™ dx.

l.u=x dv/dx=e*=>v=e"
2. = xe* - [e* dx
3.=xe*-e*+C (D

WORKED EXAMPLE
Find [x In x dx.

2
1.u =In x (Inis easier to differentiate than to integrate), dv/dx = x = v = XT

2
2. XTInx—I%dx

2 2
3.=X mx-X_ +c M
E - A1)

MEMORY TRICK

Choosing u: LIATE, which stands for Logs, Inverse trig, Algebraic, Trig, Exponential. Whichever comes
firstis u.

o Repeated parts: Ixze" dx needs parts twice. For [e* sin x dx, use parts twice until the original integral reappears, then solve
for it.
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0 arctan and arcsinintegrals

’

/

1 X
5 dx = — arctan(—) + C FORMULA BOOKLET
a a

a?+x

complete the square first if needed

/

1
5 5. dx= arcsin(i) + C, Ixl <a FORMULA BOOKLET
V(a® - x°) a

note: no 1/a in front this time

WORKED EXAMPLE
1

Find fo° dx.
IO x2+9
1. = [vs arctan(x/3)1,° (@
1 n n
2, = — X — = — Q¥
3 4 12
o Completing the square turns I+ dxinto [————— dx = 1 arctan( 2= 2 ) + C.
X2 + 4x + 13 (x+2)2+9 3 3
\
0 Volumes of revolution
AV
y =X
V =1 y? dx
= Tfo* x dx
= 8m
>
X

disc, radius y
X=4

Rotate the region 360° about the x-axis: each slice is a disc of area my?.

Each thin slice is a disc of radius y and thickness dx.
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\

V= jab ny2 dx (about the x-axis), V = jab nx? dy
(about the y-axis) FORMULA BOOKLET

square the radius before integrating

WORKED EXAMPLE
The region undery = Vvxfromx=0tox =4 is
rotated 360° about the x-axis. Find the volume.

1.V = o x dx (B

2. = [x?/2]p* = 8n

WORKED EXAMPLE

The region betweeny = x2, the y-axis and the
liney =4 (x = 0) is rotated about the y-axis.
Find the volume.

1.x%=y,s0V =mfp*ydy CB

2.=8n(®

COMMON MISTAKE
Writing Tify dx instead of nfy2 dx. The disc area
is Ttr2: square y first.

LINKING QUESTION
Integration is the reverse of Differentiation, and
differential equations (Differential equations and
Maclaurin series) are solved by integrating.
Areas under a pdf give probabilities (Random
variables, binomial and normal).

IDEA FOR YOUR IA / EXPLORATION

Estimate the area of an irregular shape (a lake, a
leaf) by fitting functions to its boundary and
integrating, or find the volume of a real object (a
vase, a bottle) as a volume of revolution and
compare with a measured volume of water.

Test yourself — cover the answers first

o

QUICK CHECK
1. Find [x™2 dx.

2. Findj% dx.

3.Find [o' e* dx.

4. Find [sin 3x dx.

5. What is the difference between distance and displacement?
6. HL In[x cos x dx, which part should be u?

EXAM-STYLE

7. A particle starts at the origin with velocity 2 m s'1, and its acceleration is a = 6t m s™2. Find s when t = 2.

8. HL Find [In x dx.

/
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Show answers
1.-1/x+C
AInixl+C
.e -1

2
3
4. -%cos 3x+ C
5. distance uses Ivl; displacement can cancel
6

.Uu=X
7.v=3t2+2
s=t3+2t(s=0att=0)
s(2)=12m

8. writeitas [1x Inxdx withu =Inx, v =X
=X|nX—J'Xx%dX

=xInx-x+C

Stuck on a question?

Send it to me on WhatsApp. | read every message. Share with a friend Ask Riyaz Sir

Want regular help? Send this to your parent >
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